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Abstract
The free CumFreqA program software offers the option to find a composite probability 
distribution to a data set. It is composed of to different distributions, one for the lower part of the 
data set and one for the upper part with a separation point in between. When he data set reveals a 
histogram with two peaks and a valley (depression) in between, the composite distribution can 
detect a bimodal probability function. In this article demonstrations are given of composite 
distributions consisting of parts with symmetrical components or components being skew to the 
left or skew to the right. The results are compared with results found in literature with 
modernized probability distributions,
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1. Introduction

Mundher A. Khaleel et al. (2022), have developed new probability distributions with applications
to Covid mortality rates in Iraq. 

Mutua Kilai et al. (2022), Olayan Albalawi et al (2022)  and Muzamil Jallal (2022)  have 
developed new probability distributions with applications to Covid mortality rates in Italy.

Ibrahim Elbatal et al. (2022). have developed a new probability distribution with an analysis of 
the failure times for a specific product.
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Amal S. Hassan et al. (2020). have developed a new probability distribution with an analysis of 
the failure times of 50 devices.

Their cases appear to be applied to bimodal probability distributions. 

In the following sections, first the Khaleel case is analyzed while thereafter the Kilai, Albalawi  
and Jallal cases are dealt with to be followed by the Elbatal case and finally by the Hassan case. 

The cases are compared with composite probability distributions that can be made with the free 
CumFreqA software and that are often useful in binomial situations.

1.1 The Khaleel case

Mundher A. Khaleel et al. (2022) have developed and used the [0, 1] truncated inverse Weibull 
Rayleigh probability distribution ([0,1] TIWR) probability distribution with an analysis of the 
Covid death rates of patients in Iraq. Their result is shown in figure 1. The figure gives the 
impression that the histogram indicates the presence of a bimodal probability distribution.

Figure 1. Histogram and probability density functions regarding the Covid death rates in Iraq of
various distributions including [0,1] TIWR (Khaleel case). The histogram suggests a bimodal 
situation, reason why the curves are distant from the observed data in the range of X =1.5 to 2.5 
where a valley (depression) in the histogram occurs.

The free CumFreqA software program (Oosterbaan, 2000), which is an amplification of the 
CumFreq model, using the same Iraqi data and the option to find the best fitting composite 
distribution (Appendix 8A) , gives as results the composite cumulative probability function 
(CDF, figure 2) and the histogram based on the observed data together with the theoretically best 
fitting bimodal probability density curve (PDC, figure 3).



Figure 2. Cumulative probability function (CDF) showing a composite generalized logistic 
distribution regarding the Covid death rates in Iraq made with CumFreqA. The confidence belt is
also shown. The separation point between the two distributions with which  the composition is 
made is at X = 13.

The mathematical formulation of the two composing logistic distributions is:

X < 13 : CDF = 1 / { 1 + exp ( ‒260 X 0.01 + 268 ) }
X > 13 : CDF = 1 / { 1 + exp ( ‒0.0077 X 2.48 + 44.2 ) }



Figure 3. Histogram and probability density curve (PDC) of the composite logistic distribution 
regarding the Covid death rates in Iraq. The fit of the of the bimodal density function is better 
than the fit according to the [0,1] TIWR distribution for the Khaleel case in figure 1.

In figure 3 it looks that the lower part of the PDC is skew to the left whereas the upper part is 
symmetrical.

In general the skewness of the composing parts can be symmetrical, skew to the left or skew to 
the right. In the sections 2 to 5 different combinations of symmetry and skewness will be 
demonstrated for bimodal models, beginning with (a) two symmetrical components, then (b) two 
components skew to the left, (c) two components skew to the right, and (d) various mixtures.

1.2 The Kilai, Jallal, and Albalawi cases

Mutua Kilai et al. (2022) have developed and used the the Exponentiated Generalized Gull Alpha
Power Rayleigh (EGGAPR) probability distribution with an analysis of the Covid mortality rates 
of patients in Italy. Their result is shown in figure 4. The figure, like in the Khaleel case, gives 
the impression that the histogram indicates the presence of a bimodal probability distribution.

Muzamil Jallal et al. (2022) have developed the Weibull Inverse Power Rayleigh Distribution 
(WIPRD), with an analysis of the same Covid data. Their result is shown in figure 5. The figure 
gives the impression that the histogram indicates the presence of a bimodal probability 
distribution.



Olayan Albalawi et al. (2022) have developed and used the Generalized Logarithmic 
Transformation Exponential (GLTE) probability distribution with an analysis of the same Covid 
data. Their result is shown in figure 6. The figure gives the impression that the histogram 
indicates the presence of a bimodal probability distribution.

Figure 4. Histogram and probability density functions regarding the Covid death rates in Italy of
various distributions including EGGAPR (Kilai case). The histogram suggests a bimodal 
situation, reason why the curves are distant from the observed data in the range of X =6 to 10 
where a valley (depression) in the histogram occurs.



Figure 5. Histogram and probability density functions regarding the Covid death rates in Italy of
the WIPRD distribution (Jallal case). The histogram suggests a bimodal situation, reason why 
the WIPRD curve (red color) is distant from the observed data in the range of X =6 to 10 where 
a valley (depression) in the histogram occurs.

Figure 6. Histogram and probability density functions regarding the Covid death rates in Italy of
the GLTE distribution (Albalawi case). The histogram suggests a bimodal situation, reason why 
the curves are distant from the observed data in the range of X =6 to 10 where a valley 
(depression) in the histogram occurs.



The free CumFreqA software program (Oosterbaan, 2000), which is an amplification of the 
CumFreq model, using the same Iraqi data and the option to find the best fitting composite 
distribution (Appendix 8A) , gives as results the composite cumulative probability function 
(CDF, figure 7) and the histogram based on the observed data together with the theoretically best 
fitting bimodal probability density curve (PDC, figure 8).

Figure 7. Cumulative probability function (CDF) showing a composite generalized logistic 
distribution regarding the Covid death rates in Italy made with CumFreqA. The confidence belt 
is also shown. The separation point between the two distributions with which  the composition is 
made is at X = 4.4.

The mathematical formulation of the two composing distributions is:

X < 4.4 : CDF = Exp { ‒ exp ‒ ( 2.12 X 0.40 ‒ 4.06) }
X > 4.4 : CDF = Exp { ‒ exp ‒ ( ‒0.0067 X 2.2 ‒ 0.244 }



Figure 8. Histogram and probability density curve (PDC) of the composite generalized Gumbel 
distribution regarding the Covid death rates in Italy. The fit of the of the bimodal density function
is better than the fit according to the EGGAPR distribution in figure 4, the WIPRD distribution 
in figure 5 and the GLTE distribution in figure 6.

In figure 8 it looks that the lower part of the PDC is skew to the left whereas the upper part is 
skew to the right and not symmetrical as in figure 3.

In general the skewness of the composing parts can be symmetrical, skew to the left or skew to 
the right. In the next sections different combinations of symmetry and skewness will be 
demonstrated for bimodal models, beginning with (a) two symmetrical components, then (b) two 
components skew to the left, (c) two components skew to the right, and (d) various mixtures.

1.3 The Elbatal case

Ibrahim Elbatal et al. (2022). have developed and used the Odd Perks G- Class (OPE) probability
distribution with an analysis of the failure times for a specific product. Their result is shown in 
figure 9. The figure gives the impression that the histogram indicates the presence of a bimodal 
probability distribution.



Figure 9. Histogram and probability density functions regarding the failure times for a specific 
product of various distributions including OPE (blue curve). The histogram suggests a bimodal 
situation, reason why the curves are distant from the observed data in the range of X =30 to 40 
while a valley (depression) in the histogram occurs in the range of X =35 to 40.

The free CumFreqA software program (Oosterbaan, 2000), which is an amplification of the 
CumFreq model, using the same Iraqi data and the option to find the best fitting composite 
distribution (Appendix 8A) , gives as results the composite cumulative probability function 
(CDF, figure 10) and the histogram based on the observed data together with the theoretically 
best fitting bimodal probability density curve (PDC, figure 11).



Figure 10. Cumulative probability function (CDF) showing a composite generalized logistic 
distribution regarding the failure times for a specific product made with CumFreqA. The 
confidence belt is also shown. The separation point between the two distributions with which  the
composition is made is at X = 13.

The mathematical formulation of the two composing generalized mirrored Gumbel distributions 
is:

X < 33 : CDF =1 ‒ Exp { ‒ exp ‒ ( ‒440  X 0.010 ‒ 457) }
X > 33 : CDF =1 ‒ Exp { ‒ exp ‒ ( ‒0.00098 X 3.00 + 1.20 }



Figure 11. Histogram and probability density curve (PDC) of the composite generalized Gumbel
distribution mirrored regarding the failure times for a specific product. The fit of the of the 
bimodal density function is better than the fit according to the OPE distribution in figure 9.

In figure 11 it looks that both parts of the PDC are skew to the left .

In general the skewness of the composing parts can be symmetrical, skew to the left or skew to 
the right. In the sections 2 to 5 different combinations of symmetry and skewness will be 
demonstrated for bimodal models, beginning with (a) two symmetrical components, then (b) two 
components skew to the left, (c) two components skew to the right, and (d) various mixtures.

1.4 The Hassan case

Amal S. Hassan et al. (202o). have developed and used the Inverted Topp-Leone (ITL) 
probability distribution with an analysis of the failure times of 50 devices. Their result is shown 
in figure 12. The figure gives the impression that the histogram indicates the presence of a 
bimodal probability distribution.



Figure 12. Histogram and probability density functions regarding the failure times of 50 devices 
of various distributions including ITL (black curve). The histogram suggests a bimodal situation, 
reason why the curves are distant from the observed data in the range of X =60 to 90 while a 
valley (depression) in the histogram occurs in the range of X =20 to 50.

The free CumFreqA software program (Oosterbaan, 2000), which is an amplification of the 
CumFreq model, using the same failure data and the option to find the best fitting composite 
distribution (Appendix 8A) , gives as a result the histogram based on the observed data together 
with the theoretically best fitting bimodal probability density curve (PDC, figure 13).

Figure 13. Histogram and probability density curve (PDC) of the composite generalized Gumbel
distribution regarding the failure times of 50 devices. The fit of the of the bimodal density 
function is better than the fit according to the ITL distribution in figure 12.



1.5 Notes

(a) The CDF acoording to CumFreqA in the Khaleel case (figure 3) is twice generalized logistic,  
in the Kilai case, the Jallal case and in the Albalawi case  (figure 8) it is twice generalized 
Gumbel while in the Albatal case (figure 11) it is the mirrored version of Gumbel. The 
CumFreqA program can search for the best fitting bimodal (composite) distribution for each case 
(see Appendix 8A). Also there are differences in the symmetrical and skewness properties. These
are further illustrated in the following sections.

(b)The CumFreq model uses transformations of probability distributions to determine their 
parameters by straightforward linear regression and to be able to fit symmetrical and skewed data
sets easily (Oosterbaan 2021). Further the program uses the simple method of plotting positions 
to determine cumulative probabilities (Oosterbaan, 2002)

(c) Examples of  the histogram and probability density curves  (PDC’s) of unimodal symmetrical,
left skew, and right skew distributions are given in Appendix 8B.



2. Bimodal distribution with two symmetrical components

The CPF and PDC graphs of a bimodal probability distribution with two symmetrical 
components analyzed with CumFreqA are given in figures 12 and 13 below.
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figure 12,
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symmetric 
components

The cumulative probability function CPF is composite generalized Gumbel mirrored:

X < 8 :  CPF = 1 ‒ exp [ ‒exp { ‒ ( ‒2.89 X 0.40 + 7.57 ) } ]

X > 8 :  CPF = 1 ‒ exp [ ‒exp { ‒ ( ‒0.0034 X 2.78 + 88.9 ) } ]



3. Bimodal distribution with two components skew to the left

Figure 14.
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Figure 15.
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The cumulative probability function CPF is composite generalized Gumbel mirrored:

X < 6.6 :  CPF = 1 ‒ exp [ ‒exp { ‒ ( ‒1.97 X 0.52 + 5.96 ) } ]

X > 6.6 :  CPF = 1 ‒ exp [ ‒exp { ‒ ( ‒0.0071 X 3.00 + 0.70) } ]



4. Bimodal distribution with two components skew to the right

Figure 16.
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Figure 17.

Histogram and 
corresponding 
PDC graph, 
derived from 
figure 16,
demonstrating two
components 
skewed to the 
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The composite model is twice generalized logistic. The mathematical formulation of the two 
composing distributions is:

X < 7 : CDF = 1 / { 1 + exp ( ‒260 X 0.01 + 268 ) }
X > 7 : CDF = 1 / { 1 + exp ( ‒0.0077 X 2.48 + 44.2 ) }



5. Mixed bimodal distributions

The following figures give a brief overview of possible combinations of symmetrical, left skew 
and right skew bimodal histograms and probability density curves. Only the density functions and
the histograms are given because they give more insight in the shape of the distribution.

Symmetric + left skew

0

10

20

30

40

50

0 5 10 15 20 25 30
X=value

fr
e

q
e

n
c

y
 (

%
)

Histogram observed Density best fit

Symmetric + skew right

0

10

20

30

40

50

0 5 10 15 20 25 30
X=value

fr
e
q
e
n
c
y
 (

%
)

Histogram observed Density best fit

Skew left + symmetric

0

4

8

12

16

20

0 5 10 15 20 25 30

X-data

F
re

q
re

n
cy

 (
*)

density best fit histogram observed

Skew right + symmetric

0

4

8

12

16

20

0 5 10 15 20 25 30

Xdata

fr
eq

u
en

cy
 (

%
)

Density best fit Histogram observed

Left skew + right skew

0

5

10

15

20

25

0 5 10 15 20
X data

F
re

q
u

en
cy

 (
%

)

Density best fit Histogram observed

Right skew + left skew

0

5

10

15

20

25

0 5 10 15 20 25
X data

F
re

q
u
en

cy
 (

%
)

Density best fit Histogram observed



 6. Summary and conclusion

It was seen that the modernized probability distributions like [0,1] TIWR, EGGAPR, WIPRD 
GLTE, and OPE did not cover the valley (depression) between the two peaks of the bimodal 
histogram of the data set concerning Covid death rates in Iraq respectively Italy and failure rates 
of a product. However, the composite generalized logistic distribution respectively the composite 
generalized Gumbel distribution and the the composite generalized Gumbel mirrored, all three 
consisting of two different distributions, one for the data below the separation point and the other 
for the data to the above, were able to create a bimodal probability distribution that followed the 
peaks and the valley properly

The free CumFreqA software program provides the option to use composite distributions. It is 
easy to handle by pasting the data copied from an Excel file on to the input menu (see Appendix 
8A) and letting the program automatically perform the calculations and produce an output menu 
with the relevant equations while also the graphics can be inspected. 
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Appendix 8B. Examples of unimodal symmetrical, left skew and right skew distributions.
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